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I. INTRQDUCTION
The beam is best represented by its distribution in the transverse phase space. In order to determine the transverse velocity distribution, either a pinhole or a thin slit may be used. The slit, however, is more often preferred in many experiments I4 for two,-dimensional phase-space measurement. A beam produced by a hot thermionic cathode or a beam which has existed in a space for a long period of time tends to have a Gaussian distribution. It is shown4 that for a beam with Gaussian distribution, the rms emittance can be analyzed after data obtained with a slit system. The slit samples the beam at a given slit location producing a sheet beamlet. The beamlet is then allowed to disperse according to its transverse velocity distribution. The beam velocity distribution can be found from the beamlet density profile measured at the detector plane farther downstream of the slit.
Ideally, an infinitely thin slit should be used, which would produce a density profile that is equivalent to that of the original velocity distribution of the beam. In actual experiments, however, use of a finite-width slit is inevitable for the following reasons: a narrower slit reduces the beam intensity, resulting in a poorer signal to noise ratio of data; the minimum slit width often is limited by a fabrication technique employed; the narrower slit with a finite thickness of slit plate restricts the allowed acceptance angle of the beam.
In this article, we describe a convenient method of obtaining the original Maxwellian distribution from the density profile of a finite-width slit produced beamlet. In general, the profile is deformed from the original beam distribution due to the finite slit-width. Force-free drift motion of particles in the space between the slit and the detector planes is assumed. The density profile of the beamlet on the detector plane can be expressed by two error functions.3 The rms velocity width is found as a function of the slit width and the measured width of the sheet beamlet's density profile that is produced by the slit. The peak value of equivalent sheet beam distribution is found in terms of measured peak value and the slit width. Although such relations are solved numerically, the results are leastsquares fit to polynomials with a high degree of accuracy so that actual experimental data can be conveniently analyzed.
il. ANALYSIS OF SHEET BEAMLET DENSITY PROFILE
For convenience, we assume that both x' and y' velocity distributions are Gaussian and the principal axes of the distribution are aligned to the coordinate axes. The distribution is then in the form of
where a and b are related to their rms width as a = V%T, and b=v%r,,, where
A finite-width slit is placed at z = 0 perpendicular to the beam such that most beam is intercepted by the slit plate but a flat strip beamlet is extruded through the slit ( IX 1 (w) as shown in Fig. 1 , and its distribution is given by
where N is Heaviside unit step function. We assume here single particle motion of the beam in the space between the slit and detector planes. In the absence of external forces, this beam is under a force-free drift motion: the motion of beam particles is governed by a linear transformation, x=x1 + Lx;, y=y, + Ly;,
(2) Thus, the beam disperses in x and y directions according to its distribution in x' and y'. The density profile measured at the detector plane, z =L, is found by D(x,y) = I? mu dx' dy'. This density at a given point x,y, is nothing but a superposition of particles from point sources continuously distributed within the slit area (shaded area in 
where w= W/L and xh =xh/L normalized to L, i.e., w and xh are dimensionless quantities, which are measured in radians as a is. One can solve for the distribution width a from Eq. (7) as a function of measured HWHM xh and half slit-width w, 0 = T(xh, w), for which use of numerical method may be inevitable in finding the function T. It was found that a graphical representation of a as a function of xh and w as a parameter is useful in actual data analysis.6 However, the numerical evaluation of such a two-variable function is not only tedious but also the graphical determination limits the accuracy of the results. To remedy this, one can use any two ratios of the three quantities and solve for one ratio in terms of the other. Two ratios w/a and w/xh seem to be a convenient choice for practical application. The HWHMs of the density profiles with various values of w/a as shown in Fig. 2 are numerically determined, and w/a is related to w/xh as w/a=S( w/xh) as graphed in Fig. 3 . The width of the distribution is then given by a= $io=w/S(w/xh). 
It should be mentioned that the above analysis can be extended to some other distributions obtaining similar results.7
Although the solution S in Eq. (8), which uniquely corresponds to the distribution, is determined numerically from the Gaussian beam distribution /3 exp[ -(~'/a)~], there are a few interesting features worth mentioning. We somewhat arbitrarily divide the ro/xh into three ranges as follows: (a) When the slit width is much smaller than the measured width of the sheet beamlet (or the slit width is much smaller than the width of the distribution), the slope of S, which is the ratio of measured HWHM to the distribution width, x,/a, is nearly constant and is in agreement with the value analytically obtained from the Gaussian distribution, xh/a = (In 2 ) 1'2 [or x,/o = (In 4) 1'2] . This linear range for w/xh from 0 to -0.3 corresponds to the measurements performed by a very thin slit system, and requires a very little correction. (b) For a range w/x, from -0.3 to -0.95, the resulting w/a deviates from that expected by the thin slit approximation. Thus the method described in this article using Eqs. (8) and (9) is very useful. (c) As u)/xh approaches 1, w/a increases to infinity. In principle, the correction also can be made in this range. It is, however, subject to amplification of measurement error in the results due to its steep slope of the curve S. It is, therefore, recommended that the experiment should be designed such a way that the resulting range is within W/X,<O.95.
III. LEAST-SQUARES-FIT CURVES
The results described in the preceding sections require lengthy computational calculations. It is found, however, that the results can be approximated to a good degree of accuracy by using least-squares-fit polynomials within ranges necessary for actual experimental data analysis. First, the curve S shown in Fig. 3 in a range of w/xh from Table I . Although the error function in Eq. (9) can be found in a table in any standard mathematical handbook, the use of a leastsquares-fit polynomial in a range from 0 to 1.5 seems to be very practical, and the coefficients are also listed in Table I . Both resultant polynomials are accurate up to fourth decimal place. Using these coefficients, a hand-held calculator is sufficient to calculate the width and the height of the distribution as given by Eqs. (8) and (9), respectively.
IV. DISCUSSION
We have described a numerical method of finding the width and the height of a Maxwellian velocity distribution from a measured sheet beam density profile formed by a finite-width slit system. The numerical results are expressed with least-squares-fit curves so that one can conveniently analyze experimental data merely with a handheld calculator.
